
The Fourier Transform, 
the Wave Equation 

and Crystals

Joe Ferrara, Ph. D.

CSO, Rigaku Americas Corp

VP XRL, Rigaku Corp

Past President, ACA

Secretary-Treasurer USNC/Cr



• The American Crystallographic Association (ACA) advances, promotes and 
preserves crystallography, structural science, and allied disciplines for the 
benefit of humankind. The ACA provides students, young scientists and 
experienced crystallographers with opportunities to exhibit their 
achievements in research, creative and scholarly activities, and leadership. 
The ACA contributes to the intellectual, economic and scientific advancement 
of the communities and individuals it serves though conferences, publications 
and public outreach.

• The American Crystallographic Association represents both Canada and the 
US to the International Union of Crystallography (IUCr).There is a Canadian 
division of the ACA and a Canadian representative (voting) on the ACA 
Council. 
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• Originally proposed by Jean-Bapiste
Joseph Fourier in 1822 in The Analytical 
Theory of Heat

• Described discrete functions as the 
infinite sum of sines

Fourier Theory



What is a circle?

http://en.wikipedia.org/wiki/Euler's_formula
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The Fourier Transform

F(k)  f (x)eikx dx
¥

¥

ò
F(k)  Tf (x)

In the three dimensions this is generalized to:

F(k)= f (r)eik×r dr  Tf (r)
r

ò



The Dirac δ function
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A 3D lattice may be decribed as a three 

dimensional array of delta functions. 
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Fourier transforms and δ functions
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Waves and Electromagnetic Radiation

• What is a wave?
– Direction of propagation

– Amplitude
• Wave crest

• Wave trough

– Wavelength
• Period

• Frequency
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Waves and Electromagnetic Radiation

• What is a wave?
– Direction of propagation

– Amplitude
• Wave crest

• Wave trough

– Wavelength
• Period

• Frequency
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Diffraction

• Diffraction by one dimensional objects

• Diffraction by two dimensional objects

• Diffraction by three dimensional objects



Diffraction by a one dimensional 
object

k  (kx, 0, kz )

k × r  (kx, 0, kz ) × (x, 0, 0)

k × r  kx x

kx  k sins

k × r  kxsins

F(k)  f (x)eikx sins dx
¥

¥

ò

F(sins )  f (x)eikxsins dx
¥

¥

ò



Diffraction by one narrow slit
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A narrow slit is defined by:
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Diffraction by one wide slit

f (x)  0 if ¥< x < X0

f (x) 1 if  X0 < x < X0

f (x)  0 if    X0 < x <¥

F(sins )  f (x)eikxsins dx
¥

¥

ò  eikxsins dx
X0

X0
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Diffraction by two narrow slits

0 0 0 0
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Diffraction by Two Wide Slits

f (x)  0 if ¥< x < (x0  X0 )

f (x) 1 if  (x0  X0 ) £ x £ (x0  X0 )

f (x)  0 if  (x0  X0 ) < x < (x0  X0 )

f (x) 1 if  (x0  X0 ) £ x £ (x0  X0 )

f (x)  0 if (x0  X0 )< x <¥
f (two wide slits)  f (one wide slit)* f (two narrow slits)



Diffraction by Two Wide Slits

f (two wide slits)  f (one wide slit)* f (two narrow slits)

Tf (two wide slits)  T[ f (one wide slit)* f (two narrow slits)]

Tf (two wide slits)  Tf (one wide slit) ×Tf (two narrow slits)

F(sins )  2X0

sin(kX0 sins )

kX0 sins

 and F(sins )  2cos(kx0 sins )

F(sins )  2X0

sin(kX0 sins )

kX0 sins

×2cos(kx0 sins )

F(sins )
2 16X0

2 sin2(kX0 sins )

kX0 sins

×cos2 (kx0 sins )

kx0 sins1   / 2 and sins1 


2kx0

and

kX0 sins2    and sins2 


kX0



• The position of the main peaks in a 
diffraction pattern is determined solely by 
the lattice spacing of the object

• The shape of each main peak is 
determined by the overall shape of the 
object.

• The effect of the object (motif) is to alter 
the intensity of each main peak, but the 
positions of the main peaks remain 
unchanged. 





• The positions of the main peaks give 
information about the lattice

• The shape of each main peak gives 
information on the overall object shape.

• The set of intensities of the main peaks 
gives information on the structure of the 
motif. 



Diffraction by a 3D Lattice
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Diffraction by a 3D Object

ei(k×r1t )  and f (r1)dr1

diffracted wave from element dr1= f (r1)ei(k×r1t )dr1

diffracted wave from element dr2 = f (r2 )ei(k×r2t )dr2

diffracted wave from all elements drn  = f (rn )ei(k×rnt )drnn


diffraction pattern  = f (r)ei(k×rt ) dr
V

ò
diffraction pattern  = et f (r)eik×r dr

V

ò

diffraction pattern  = f (r)eik×r dr
V

ò
If r is outside the object,  f (r)  0

diffraction pattern  = f (r)eik×r dr
all r

ò Þ T[ f (r)]



Thomson Scattering by a Single 
Electron
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Thomson Scattering by a Group of 
Electrons (I)

Escat

Ein

 e2

4e0rmc2

1 cos2 2
2

fe 
e2

4e0rmc2

Escat

Ein

 fe

1 cos2 2
2

but if the beam is polarized we can write:

Escat

Ein

 fe p(2 )

where p(2 ) is the polarization factor. 

For now let's ignore p(2 ).



Escat A
 feEin

Escat B
 feEine

i

Escat tot
 Escat A

 Escat B

Escat tot

Ein

 fe  fee
i

Escat tot

Ein

 fee
in

n


Remember

F(k)  f (r)eik×r dr
all r

ò
The amplitude function of a group of electrons is

fer(r)

Substituting into F(k) gives

F(k)  fer(r)eik×r dr
all r

ò

Thomson Scattering by a Group of 
Electrons (II)



Thomson Scattering by a Group of 
Electrons (III) or the Motif

F(k)  fer(r)eik×r dr
all r

ò
F(k)  fe r(r)eik×r dr or 

unit cell

ò Frel (k)  r(r)eik×r dr 
unit cell

ò
Let's define coordinates of the unit cell as follows:

0 £ X £ a,  0 £Y £ b,  0 £ Z £ c

x  X

a
,  y  Y

b
,  z  Z

c
 and 0 £ x £1,  0 £ y £1,  0 £ z £1

X,  Y  and Z  represent absolute coordinates and

x,  y and z represent fractional coordinates. 

r  xa yb zc

dr  dx dy dz a ×bÙc V  dx dy dz 

r(r) becomes r(x, y, z)



Bragg’s Law

k  2k sin

k  2


k  2Shkl

2Shkl  2
2


sin

Shkl 
2sin


Shkl 
1

dhkl

1

dhkl

 2sin


  2dhkl sin



Thomson Scattering by a Group of 
Electrons (IV) or the Motif
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The Electron Density Function

 

 

11 1

0 0 0

all  

2 ( )

all  

( ) ( , , )   

 is the Fourier transform of ( , , )

1
( , , ) ( ) ( )

1
( , , ) ( ) ( )

B

yx z
i x y z

rel hkl

x y z

hkl

i x y z
rel

i hx ky lz
rel

F F V x y z e dx dy dz

F x y z

x y z F e d
V

x y z F e d
V



r

r

r

r

 
 ×  

  

  ×  



  



  

  

  

ò ò ò

ò

ò

k a b c

k a b c

k

k

k

k k

k k

2 ( )

ut the  values are discrete so we can rewrite this as

1
( , , ) i hx ky lz

hkl
h k l

hkl

x y z F e
V

r    



Fhkl V r(x, y, z)eik× xaybzc  dx  dy dz
z0

z1

ò
y0

y1

ò
x0

x1

ò

Fhkl  f je
2i(hx jkyjlz j )

j



The Structure Factor

• In the first equation the coordinates (x, y, z) refer to any position within the 
unit cell, whereas (xj, yj, zj) in the second equation define the position of the 
atoms. 

• ρ(x, y, z) is a continuous function describing the overall electron density, fj, is 
a property of each atom.

• The first equation requires an integration over the entire unit cell, but the 
second equation requires a summation over the positions of the atoms 
within the unit cell. 



Scattering from
lattice planes

Atomic structure factors  
add as complex numbers, 
or vectors.

• The amplitude of scattering depends on the number of electrons in each 
atom.
• The phase depends on the fractional distance it lies from the lattice plane.

Randy Read

2 ( )What does  mean?i hx ky lz i
hkl j hkl

j

F f e F e   



dR  R2 sin  dR d  d  and Shkl ×R  ShklRcos

f j  r j (R)e2iShkl ×R dR
atom

ò  r j (R)e2iShklRcosR2 sin  dR d  d
atom

ò

f j  r j (R)e2iShklRcosR2 sin  dR d  d
R0

R¥

ò
0



ò
0

2

ò

f j  2 R2r j (R)
e2ShklR  e2ShklR

2ShklR









dR

0

¥

ò

f j  4 R2r j (R)
sin2ShklR

2ShklR









dR

0

¥

ò

Shkl 
2sin


f j  4 R2r j (R)
sin

4 sin


R








4 sin


R


















dR

0

¥

ò

The Atomic Scattering Factor

K+
Cl-
Cl
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Fhkl  f je
2i(hx jky jlz j )

j



Fhkl  f je
2 iShkl ×rj

j


Consider a small random displacement about rj

Fhkl  f je
2iShkl × rju j 

j



Fhkl  f je
2 iShkl×rj e2iShkl ×u j

j


Let us define u j  as motion in the direction of Shkl  

that is perpendicular to the plane hkl:

Shkl ×u j  becomes Shkluj  and 

Fhkl  f je
2 iShkl ×rj e2 iShklu j

j



Correction for Thermal Motion (I)

Fhkl  is measured over a long time

Fhkl  f je
2iShkl ×rj e2iShkluj

j



e2 iShkluj »12iShkluj  2 2 Shkluj 2

e2 iShkluj »1 2 iShkl uj  2 2Shkl
2  uj

2

e2 iShkluj »1 2 2Shkl
2  uj

2

e2 iShkluj » e 2 2Shkl
2  uj

2



2 2Shkl
2  uj

2  2 2 2sin










2

uj
2

2 2Shkl
2  uj

2  8 2 sin










2

uj
2

Let us define Bj  8 2 uj
2

e2iShkluj » eBj 2sin  2

f j 
T
 f je

Bj 2sin  2

Fhkl T
 f j 

T
e2 i(hx jky jlz j )

j



Fhkl T
 f je

Bj 2sin  2 e2 i(hx jky jlz j )

j



Correction for Thermal Motion (II)
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Let's consider two centrosymmetrically 

disposed reflections:

 and thus 

Furthermo

j j j

j j j j j j

i hx ky lz
hkl j

j

i hx ky lz i hx ky lz
j jhkl

j j

hkl hkl hklhkl hkl

hkl hklhkl hkl

F f e

F f e f e

F F F F F

I I F F



 

 

    



 

  

  



 

re:

hklhkl
  

Freidel’s Law



Dispersion

• Scattering is the result of an interaction of electromagnetic radiation 
with an electron. 
– Rayleigh or elastic scattering
– Compton or inelastic scattering

• Dispersion occurs when electromagnetic radiation interacting with a 
an electron in a shell has nearly the same frequency as the oscillator, 
ie resonates
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Effect on Diffraction Data

• Form factor

• Structure Factor

fifff

fifff




0

0

Fhkl  f j
0  f j  i f j  ×

j

 e2 ih×rj

i

r

F(H)

F(-H)

r

F(-H)+F”(-H)

F(H)+F”(H)

i



Fhkl  f je
2 i(hx jky jlz j )

j



Fhkl  f je
2 i(hx jkyjlz j )

jA

  fA
0  f ' if " e2 i(hxAkyAlzA )





F
hkl
 f je

2 i(hx jkyjlz j )

j

  fA
0  f ' if " e2 i(hxAkyAlzA )





F
hkl
 f je

2 i(hx jkyjlz j )

j

  fA
0  f ' if " e2 i(hxAkyAlzA )





Fhkl
*  F

hkl
 and thus Fhkl  Fhkl

*  F
hkl

Ihkl  I
hkl

 and Fhkl

2  F
hkl

2

Furthrmore:


hkl
 hkl

Breakdown of Freidel’s Law



Systematic Absences (I)

Consider a body centered lattice. For a given atom at

coordinates (x, y, z) there will be a second atom at

(x 1 2, y1 2, z1 2) and Fhkl  becomes

Fhkl  f je
2i(hx jky jlz j )  f je

2 i[h(x j1 2)k (yj1 2)l (z j1 2)] 
j

jN 2



Fhkl  f je
2 i(hx jky jlz j ) 1 e i(hkl ) 

j

jN 2



If h k  l  is even: e i(hkl ) 1 but 

if h k  l  is odd: ei(hkl )  1

For h k  l  2n:

Fhkl  f je
2 i(hx jky jlz j ) 11 

j

jN 2

  2 f je
2i(hx jkyjlz j )

j

jN 2


For h k  l  2n1:

Fhkl  f je
2 i(hx jky jlz j ) 1 (1) 

j

jN 2

  0



Systematic Absences (II)

 

1

2
2 ( ) 2 [ ( ) ( 1 2) ( )]

Let's consider a 2  screw axis. For a given atom at

coordinates ( , , ) there will be a second atom at

( , 1 2, ) and  becomes

For 0 a

j j j j j j

hkl

j N
i hx ky lz i h x k y l z

hkl j j
j

x y z

x y z F

F f e f e

h

 

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 





 

 

2
2 ( )

2 2
2 ( ) 2 ( )

2 (

nd 0

1

 When  is even 1,  thus: 

1 1 2

For 0 and 0,  when  is odd: 1, thus

j j j

j j j j j j

j j j

j N
i hx ky lz ik

hkl j
j

ik

j N j N
i hx ky l z i hx ky lz

hkl j j
j j

ik

i hx ky lz
hkl j

l

F f e e

k e

F f e f e

h l k e

F f e

 



 






 

 
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 



 



  
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



 
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2

) 1 ( 1) 0
j N

j



  

http://wwwba.ic.cnr.it/sites/default/files/abc/abc/symmetry/restr2.htm
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