The Fourier Transform,
the Wave Equation
and Crystals

Joe Ferrara, Ph. D.
CSO, Rigaku Americas Corp
VP XRL, Rigaku Corp
Past President, ACA
Secretary-Treasurer USNC/Cr



AMERICAN CRYSTALLOGRAPHIC ASSOCIATION

« The American Crystallographic Association (ACA) advances, promotes and
preserves crystallography, structural science, and allied disciplines for the
benefit of humankind. The ACA provides students, young scientists and
experienced crystallographers with opportunities to exhibit their
achievements in research, creative and scholarly activities, and leadership.
The ACA contributes to the intellectual, economic and scientific advancement
of the communities and individuals it serves though conferences, publications
and public outreach.

« The American Crystallographic Association represents both Canada and the
US to the International Union of Crystallography (IUCr).There is a Canadian
division of the ACA and a Canadian representative (voting) on the ACA
Council.



American Crystallographic Association
August 2 - 7,2020 e San Diego, CA
TRAINNNG THE IEXT oEMERATION

* Program Chairs  Virtual
— Carla Slebodnick - Sessions
—  Nozomi Ando - Workshops
- Stephan Ginell — Poster sessions
— Brandon Mercado — Award Ceremonies

* Poster Chairs
_  Louise Dawe https://www.acameeting.com/

- Tiffany Kinnibrugh



35000 ft view of X-ray Structure Analysis

\ Phases
/‘ - o *
I
/ |15
X-rays O [
y /I. a § S s
—— = | e ||t@®-1---
— \\. § S
Crystal \\. T
Intensity Electron density Molecular

| (hkl) o (r) Model



Fourier Theory

* Originally proposed by Jean-Bapiste
Joseph Fourier in 1822 in The Analytical
Theory of Heat

 Described discrete functions as the
Infinite sum of sines




What is a circle?
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The Fourier Transform

F(k)= Tf(x)e”“ dx
F(k)=Tf(x)

In the three dimensions this is generalized to:

F)=| f(r)e™ dr=Tf(r)

T, FT
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The Dirac ¢ function

+00, (x—xo)zo
5(x—x0){0, (x—xo);tO

T&(x—xo)dle

—00

A 3D lattice may be decribed as a three 15|

dimensional array of delta functions.

r=pa+gb+rc

[(r)= Z o(r—[pa+gb+rc])

allp,q,r

An important property of the 0 function

1s that acts as a sift:

[ F)8Ge=x)dx = f(x,) [ Sx=x)dx=f(x,) -

In three dimensions:

[ f(0)3@—r)dr = f(x)
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Fourier transforms and ¢ functions

One ¢ function:

F(k)= T f(x)e™dx

Two ¢ functions:
J(x)=0(x+x,)+0(x—x,)

F(k)= T f(x)e™dx

= I S(x+x,)e™dx+ j S(x—x,)e™ dx

G
i0 —if
e’ +e
cosf = S 0=kx,

F(k)=2coskx,
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Waves and Electromagnetic Radiation

 What is a wave?
— Direction of propagation
— Amplitude

« \Wave crest
« Wave trough

Energy = 3.61E-19 kJ/mole

- Wavelength 5.45E14 Hz ‘.3.".’;.?3 70 candela  Propagation
« Period ==l = | €3

Frequency Wavelength Amplitude

* Frequency

http://www.olympusmicro.com/primer/java/wavebasics/index.html



Waves and Electromagnetic Radiation

« What is a wave?

— Direction of propagation

— Amplitude
 Wave crest
« Wave trough

— Wavelength
* Period
* Frequency
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Diffraction

 Diffraction by one dimensional objects
» Diffraction by two dimensional objects
* Diffraction by three dimensional objects



Diffraction by a one dimensional

object
k=(k,.0,k)
k-r=(k,0,k, ) (x,0,0) —_—
k-r=kx —
k. =ksinf focident (x, 0,0) =ksin 6,

K-r=/kxsinb,

F(k)= T £ (x)e™% dx

—o0

F(sinf,)= T f(x)e™ ™% dx

—0o0



Diffraction by one narrow slit

A narrow slit is defined by:
f(x)=05(x) and 6(0) =+

F(sin@,) = j S(x)e % dx = j S(x)dx =1

F(sin6)=1
[F(sing)| =1

b
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Diffraction by one wide slit

f(x)=01f —o<x<-X,
f(x)=11f =X, <x<X,
J(x)=01f X,<x<oo

F(Sinﬁs) Tf(x)ezkxsmﬁ dx T ikxsin 6, dx:

ikxsin @, 0 ikXgsing, —ikX,sinf, . .
{ e T _e e 3¢ sin(kX,sin@,)

b ikxsin ), ikX, sin6), " kX,siné,
‘F(sin@ )‘ _4x? sin” (kX smé?)
. : e (KX, 1n:9)
(@) ~ (b)
- 4 79 | Fsin 6|
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Diffraction by two narrow slits

Two narrow slits are defined by:
f(x)=0(x+x,) + o(x—x,) and O(x,) =+ and &(—x,) =+

F(sinb,) = J £ (x)e™*™ % dx = 2 cos(kx, sin 6. )
F(smn@)=2cos(kx,sin6,)

|F(sin8,)|” = 4cos (kx, sin 6,
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Diffraction by Two Wide Slits

f(x)=01f —o<x<—(x,+X,)
f(x)=11f —(x,+X,)<x<—(x,-X,)
J(x)=01f —(x) —X,) <x <(x, - X,)
J)=11f (x,-X,)<x<(x,+X,)
f(x)=01if (x,+X,)<x <o
f(two wide slits) = f(one wide slit) * f(two narrow slits)
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Diffraction by Two Wide Slits

(2) (b) (¢)
| F (sin 9,) ]2 (sin 8,) |2 ‘|f(s1n85)i?
R ‘ O—T sin 0, r‘o‘ I sin 8,
=T K —2"'[ ')'T - T
kX-o kXo k'..’:o kxo kX'O ke Y‘)




* The position of the main peaks in a
diffraction pattern is determined solely by
the lattice spacing of the object

* The shape of each main peak is
determined by the overall shape of the
object.

* The effect of the object (motif) is to alter
the intensity of each main peak, but the
positions of the main peaks remain
unchanged.
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* The positions of the main peaks give
information about the lattice

* The shape of each main peak gives
information on the overall object shape.

* The set of intensities of the main peaks
gives information on the structure of the
motif.



Diffraction by a 3D Lattice

r=pa+gb+rc

fr)= >, S8(r—[pa+gb+rc))

allp.,q,r

iAK-r (a)
F(AK) = [ f(r)e™dr | F (akuay|?
allr
F(AK) = j > S(r—[pa+gb+rel)e™ dr
allr allp,g,r
F(Ak) — eiAk~(pa+qb+rc) — e,'pAk.a ] e,'qu.b ) eimk'r
all%:,r all%:,r
F(AK) = pPika N7 Sigdkb oAk __L b ‘ A ;
a%?: gq: ; -6 —4n =2z '0 2n dx 6n
. . PAk-a . , OAk-b . , RAk-c : Ak.a
5 sSin ) Sin ) Sin 5 ..:1 ;-
|F(AK)[ = : : .

. 2Aka . zAk'b . zAkc
Sin Sin Sin

Maxima are seen at Ak -a = 2hx where & 1s a positive or negative integer



Diffraction by a 3D Object

e * "™ and £ (r, )dr,
diffracted wave from element dr,= f(r,)e'*"""dr,
diffracted wave from element dr,= f(r,)e’*™ " dr,

diffracted wave from all elements dr, = Z f(x)e " dr,

diffraction pattern = _[ f(r)e " dr
V

———=VYolume clement dr;

diffraction pattern =e I f(r)e™" dr

14

diffraction pattern = _[ f(r)e™" dr
V

(arbitrary) origin

Fig. 8.5 Diffraction by a volume elernent. The volume element dry centred on ry affects the
waves in & manner which may be represented by the function f(r)dr;. A wave ' r1=w1) 45

If . t .d th b . t _ O propagated, and the mathematical expreesion for the contribution of the valume element dry
r 1S outside cO Jec ) r)= to the overall diffraction pastern must be some mathematical combination of f(r)dr; and

diffraction pattern = I f()e™ dr = T[f(r)] |

all r



http://www.xtal.igfr.csic.es/Cristalografia/parte 3 -en.html

Thomson Scattering by a Single
Electron
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r = radius of interaction

6 = Bragg angle
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Thomson Scattering by a Group of
Electrons (l)

E,L ¢ \/ 1+cos® 268

E 47rgorm02 2

124

2
e

A 2
© dzerme

E__ 1+cos’ 26
scat f;\/
E 2

but if the beam is polarized we can write:

E
scat 29
ra 1.p(26)

1245

where p(26) 1s the polarization factor.

For now let's ignore p(26).



Thomson Scattering by a Group of
Electrons (ll)

cat)or = (Escar) y F (Evear) 5 AN A /ﬂ,l,//
(Esca i W \u_u/ Diffracted wave

E € € Incident wave .
in

E | h A
( Scaf)tot — Zfeewfn W W-z

Remember

FAK)= | f(r)e™ dr
all r
The amplitude function of a group of electrons is

Jep(r)
Substituting into F'(Ak) gives

F(AK)= | £.p(r)e™" dr




Thomson Scattering by a Group of
Electrons (lll) or the Motif

F(AK)= | f.p(r)e™" dr

all »

F(AK)=f. J. p(r)e™ " dr or F_(AK) = I p(m)e™ dr o,

unit cell unit cell

Let's define coordinates of the unit cell as follows:
0<X<a 0<Y<h 0<Z<c

x=2 yz%, z=Z and 0<x<l, 0<y<l, 0<z<l
a C

X, Y and Z represent absolute coordinates and

x, y and z represent fractional coordinates. ©00 =Y

r=xa+yb+zc (2.0, 0)

dr=dx dydza-bac=V dx dy dz
p(r) becomes p(x,y,z)



[AK|=2ksind
k=27
A
[Ak|=27S,,
278, = 22—7Tsin6’
A
2sin@
Shkl = T
1
Shkl -
dhkl
1 2sinf
dhkl /I

A=2d,, sind

Bragg’s Law

Let us increase & slaninﬂ from & = 0 when

A=15418Aand d,=52A



Thomson Scattering by a Group of
Electrons (IV) or the Motif

x=1 y=1 z=1
Fyak)=v [ |

x=0 y=0z=0

J.p(x,y,Z)eiAk-(xa+yb+zc)dx dy dZ

Ak =278,
S,,=ha" +kb" +Ic
AK-r=27m(ha +kb +Ic")-(xa+ yb + z¢c)
=2m(hx+ky+1z)

11

F,(AK) =F, =V[|

00

Foy = ‘Fhkz

1

Ip(x’ ¥, Z)e27zi(hx+ky+lz)dx dy a
0

ei¢hk1

2
]hkl = ‘Ezkl‘

Imaginary

Fiei i<‘(1 — 2tk Iz)
i




The Electron Density Function

x=1 y=I z=1
Fu(Ak)=Fy =V [ [ [ pla.y.2)e™ " dy dz

x=0 y=0z=0

F,,, 1s the Fourier transform of p(x, y,z)

,O(X,y, Z) _ i 12 (Ak)e—iAk-(xa+yb+zc)d(Ak)
1% rel

all Ak

P = [ F (k) 0g (AK)

all Ak

But the /kl values are discrete so we can rewrite this as

,O(X, Y, Z) = lZZZFhkle—Zm‘(hx+ky+lz)
Vo T



The Structure Factor

xzl yzl zzl " b
Fo=v | | | pleyn2)e™ = dx dy dz

x=0 y=0z=0

. 27Z'i(hxj+kyj+lzj)
by = Zﬂe
j

* In the first equation the coordinates (x, y, z) refer to any position within the
unit cell, whereas (x; y, z,) in the second equation define the position of the

atoms.
* p(x y, ) is a continuous function describing the overall electron density, f, is
a property of each atom.

« The first equation requires an integration over the entire unit cell, but the
second equation requires a summation over the positions of the atoms

within the unit cell.



. 2ri(hx+ky+lz) ip
What does F,,, = ije = ‘Fhkl‘e mean?
J

* The amplitude of scattering depends on the number of electrons in each
atom.
* The phase depends on the fractional distance it lies from the lattice plane.

|

Randy Read R
Atomic structure factors
add as complex numbers,
or vectors.

Scattering from
lattice planes



The Atomic Scattering Factor

dR = R*sing dR d¢ dy and S,;,-R =S, Rcos $ / \ 2o s
f= | p,RES R dR= | p /(R R sing dr d¢ dy | N v
atom atom / ‘
V2t hr Reat | / . \
f;- _ JZ Jﬂ I pj(R)eZmShszcos¢R2 Sin¢ dR d¢ dW ,!!' Y/ \ \ \’
w=0 ¢=0 R=0 , & \.\ \.\ |
t 2SR _ eZEShkle | \'
=27 | R°p.(R dR
J 0 A 278, R )ﬁ"”"f,
Q . ' .
f=4r] R2pj(R) sm27zShk,Rde 20 ‘ ‘
) 278, R
2sinf
S = T
sin(émimeR)
_ 2
fi=42] Ep,(® dzsng . |R
0 R
A

0 0.1 0.2 0.3 0.4
sin()/2 (1/A)




Correction for Thermal Motion (l)

E = fem e F,, 1s measured over a long time
hil j

. _ 27ZiShkl-l‘j 27Z-iShkluj
_ 27”.Shkl'rj .
Fu=2.1e j
J

2 7Syt o 2
. . e "M = 142 7S, —27[2(Sh,duj)
Consider a small random displacement about r,

_ 272'1Shkl(l‘]+u])
Fu=2.1¢ S —
. 2 1S .
e T pU ~ 1—272-25}?](1”]2-

J
_ 272'1Shklr] 27Z'iShk1~uj o
Fp = ije € 2 7Syt 2 S
. e e
J

. _ 22 2

2 7iSpu
e .]

Let us define u, as motion in the direction of S,

that is perpendicular to the plane /kl:

S, -u, becomes S, u, and

_ 27Zishk1-l‘j 27Z'iShk1Llj
Fy=2.1¢ " "e
J



Correction for Thermal Motion (ll)

: 2
2282 = 27:2(28?9) 2 ﬂ

. 2
sinf | —
U,

27282 = —87[2(

Let us define B, =87"u;
~B,(2sing/2)’

~

B;(2sing/ /1)

) =1
F;lkl :Z(f) 27i(hx j+ky;+lz;)
J

J

Z 27rl(hx jthyi+iz;)
hkl
J

f\?

2smt9//1



Freidel’s Law

Let's consider two centrosymmetrically

disposed reflections:
. 2ri(hx +ky;+lz,)
Ezkl — Zf‘]e J JTE
j

. Zﬂi(zxj+%yj+izj) . Z —27i(hx;+ky;+1z ;)
Fy=2.1e =27
J J

=|Fa

F,, = F_ and thus |F,,|= ‘F,;d

hkl

Ihkl :]m :‘Fhkz‘z :‘Fh

2
kl‘

Furthermore:
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Dispersion

Scattering is the result of an interaction of electromagnetic radiation
with an electron.

— Rayleigh or elastic scattering

— Compton or inelastic scattering

Dispersion occurs when electromagnetic radiation interacting with a
an electron in a shell has nearly the same frequency as the oscillator,
le resonates

d’x;  dx

; _ C = iwy-i2nk,F,
s +K171+wjxj:__Eo€m0 o
t t m

— C 1 = iwyt—i27k, T,
J
= Ee

Q. T o wdw . o
f=Y—— = = e i) =
' /e ]2_7] J

2
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Effect on Diffraction Data

F(H)

» Form factor
S =T+ AN
f=r0+ F(H)

F(H)+F”(H)

» Structure Factor
F;zkl :Z(]S‘O _I_](}r_'_lfj”) .e2m'h.rj




Breakdown of Freidel’s Law

_ 2 mwi(hx +ky +lz ;)
F;zkl _ije JT T

J

. 2 7wi(hx j+ky 4z ;)
Ezkl_zj(}e JURITE 4

j#=A

F_ = ijeZHi(Exj+%yj+sz) n

hkl
J

_ 2 i +hy +z) ) 0 |y spm\ -2miChy,+hy,+z,)
Fo=Y femt ’+[(fA+f+zf)e 4 ]

J

F,, # F_ and thus |F,, |= ‘E;l

hkl

2
L, # 1y and |F, [ #|F

2
kl‘

Furthrmore:

% % =P

_(f/? N f"l‘ l'f") 82 mi(hx 4+ky 4+z )
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Systematic Absences ()

Consider a body centered lattice. For a given atom at - »
coordinates (x, y, z) there will be a second atom at . pe
(x+1/2,y+1/2,z+1/2) and F;,, becomes il !
Jj=N/2
F;zkl _ Z (fjez;zi(hx_,+@j+zzj)+fjezm'[h(xj+1/2)+k(yj+1/2)+1(zj+1/2)]) Il 1)
v Body-centred - |

27i(hxj+ky +lz;) 71'1' (h+k+1)
hkl Z f ( )

If & +k+l is even: e™"*) =1 but

if ik +1 is odd: e™ ") =] i L
Forh+k+1=2n:
j=N/2 j=N/2 sin ¢
27i(hx j+ky +lz; ) 27i(hxj+ky +lz;) )
hkl Z f ’ ! 2 Z f ! ' ! 0 COS ¢ 1 ;e-
Forh+k+l=2n+1: K/

Jj=N/2

hkl Z f 27i(hx j+ky lz; )(1 n (_1)) _



Systematic Absences (ll)

Let's consider a 2, screw axis. For a given atom at
coordinates (x, y,z) there will be a second atom at
(=x,y+1/2,—z) and F,,, becomes

j=N/2

2ri(hx, +hy, +lz, 27ilh(=x,)+k(y,+1/2)+(~z,
E,kl _ Z (f]e mi(hx;+ky;+ _,)+fje milh(=x;)+k(y;+1/2)+1( A/)])
J

Forh=0and /=0

I 27i(hx;+hy +
mi(hx;+ky;+lz; ik
Flyy = Z /e (1"‘3 )
When £ is even e™ =1, thus:

IR a2 R ey | remmzmaT
7i(hx;+ +z mi(hx  +ky  +lz
Zf (1+1) 2Zf ST

For =0 and / =0, when £k is odd: ¢™ =—1, thus

J=N/2

hkl Z f 27i(hx j+ky;+lz;) (1 ( 1))

hkl

http://wwwba.ic.cnr.it/sites/default/files/abc/abc/symmetry/restr2.htm
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